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Theorem 1 (Bochner [13]). A continuous kernel k(x,y) = k(x — y) on R% is positive definite if R
and only if k(0) is the Fourier transform of a non-negative mew Ise LNPI c ker r\e,Q

If a shift-invariant kernel k(6) is properly scaled, Bochner’s theorem guarantees that its Fourier x, k(= /g> k(x,,/g&)
transform p(w) is a proper probability distribution. Defining (,(x) = /', we have \ s, =k(a)
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(5) Densiy Mabew Kernel Densihy Eshmahon  (DHKDED
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_ Tr(p(brff(x)(brff(x)*) _ ¢rff(x)*p¢rff(x)

e . (12
fol@) z z s (12 * Input. A sample set X = {z;};—;. n with z; € R?,
/l\ parameters Y € RT, D € N
Qugnlom * Calculate Wyg = [wy...wp] and byg = [b1...bp]

using the random Fourier features method described in

Reass Section for approximating a Gaussian kernel with
parameters v and D.
= * Appl . (1):
T 2= Qree ():) = @Qos(_dx&b) pply ¢rir (eq. (1))
P\FP 2 = Geir(s). (10)
* Density matrix estimation:
1 1N
p p= sziz;‘, (11)
i=1
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1. Use the RFF method to calculate Wyog and b,g.

2. For each class i:

(a) Estimate 7; as the relative frequency of the class
7 in the dataset.

(b) Estimate p; using eq. and the training sam-
ples from class i.
(c) Find a factorization of rank r of p;:

pi = V*"AVi.
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Proposition 1. Let T = {(xi,yi)}i=1,..n be a set of
training samples, * a sample to classify, with x;,a* €
{1,...m} and y; € {1,2}. Let pirain be the state cal-
culated using the mized state, eq. or equivalently the
classic mizture eq. @, and a one-hot encoding feature
map for both x; and y;. Then the diagonal elements of
the density matriz py, calculated using eq. correspond
to an estimation, using Bayesian inference, of the condi-
tional probabilities P(y = i|x*):

(@*ly=1)P(y = i).

Pois = Ply = ila") = DU (13)

where P(z*|y = i), P(y = 1) and P(z*) are estimated
from T.
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Proposition 2. Let T = {(z;,y:)} be a set of training
samples, x* a sample to classify, with z;,x* € X and
Yy € Y. Let pirain be the state calculated using a mized
state (eq. ) and quantum feature maps Yx and Yy .
Then the densily matrix p’y, calculated with eq. , can
be expressed as:

N
Py = MY k(2 [y(y) ()l (14)

i=1

where k(a*, ) = (Pa(e)|Ya(e:)) and M7 =
Tr[m(z*) perain(*)] -



'Fgr&r\r\e.\r éex\cﬂ‘o\t&’@\g-xof\ S Q\/

1?5 L)
QM C

QX&S —_ 'P(:t/\j)

T

0y — P

Q H C M\) \‘L\ \d\je_r
Uiy ModelL

%O\jZSIOUI\ f\el'wo\l‘ K)
QN C
\ ¥

Q%@&
O
ol
Qo I
QAN C %
oz




Re,(:e,(‘ence_s

Gonzalez, F. A., Vargas-Calderon, V., & Vinck-Posada, H. (2021). Classification with Quantum
Measurements. Journal of the Physical Society of Japan, 90(4), 044002.
https://arxiv.org/pdf/2004.01227 .pdf

Gonzalez, F. A., Gallego, A., Toledo-Cortés, S., & Vargas-Calderon, V. (2021). Learning with
Density Matrices and Random Features. arXiv preprint arXiv:2102.04394
https://arxiv.org/abs/2102.04394

https://github.com/fagonzalezo/gmc



